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Abstract. The goal of this survey is to study some classes of groups de-
termined by different types of complementation of their normal subgroup lat-
tices. The groups whose normal subgroup lattices are Stone lattices, boolean
lattices or ortholattices will be also investigated.
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1 Preliminaries

Let (L,∧,∨) be a bounded lattice with the initial element 0 and the final
element 1.

Let a ∈ L. An element a′ ∈ L is called a complement of a if a∧a′=0 and
a∨a′=1. We say that L is a complemented lattice if all its elements possess
complements.

A boolean lattice is a complemented distributive lattice. Note that a
boolean lattice L is a uniquely complemented lattice, i.e. each element of L
possesses a unique complement.

In a bounded distributive lattice L, if a′ is a complement of a, then a′

is the largest element x of L with a∧x=0. More generally, let (L,∧,∨) be a
lattice with 0 and a ∈ L. An element a∗ ∈ L is called a pseudocomplement
of a if the following two conditions are verified:

a) a ∧ a∗ = 0;

b) a ∧ x = 0 (x ∈ L) implies that x ≤ a∗.

We say that L is a pseudocomplemented lattice if every element of L has a
pseudocomplement. In a pseudocomplemented lattice L the set S(L) = {x∗ |
x ∈ L} forms a lattice (called the skeleton of L), which is a ∧-subsemilattice
of L and in which the join is defined by x t y = (x ∨ y)∗∗ = (x∗ ∧ y∗)∗.
Moreover, mention that (S(L),∧,t) is a boolean lattice (see [7]). A pseudo-
complemented distributive lattice L for which its skeleton S(L) is a sublattice
of L is called a Stone lattice.
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An ortholattice is a bounded lattice L for which there exists a map ⊥
from L to L satisfying the next three properties:

a) ⊥ is an autoduality of L (i.e. ⊥ is one-to-one and onto map and, for
all a, b ∈ L, we have a ≤ b iff b⊥ ≤ a⊥) ;

b) a⊥ is a complement of a, for every a ∈ L;

c) a⊥⊥ = a, for all a ∈ L.

2 Main results

Let (G, ·, e) be a group. Then the set L(G) consisting of all subgroups of G is
partially ordered with respect to set inclusion. Moreover, any subset of L(G)
has a greatest lower bound in L(G) (the intersection of all its elements) and
a least upper bound in L(G) (the join of all its elements). Therefore L(G)
is a complete lattice with initial element the trivial subgroup {e} and final
element G, called the subgroup lattice of G. Its binary operations will be
denoted by ∧ and ∨. Note that we have X ∧ Y = X ∩ Y (= the intersection
of X and Y ) and X ∨ Y =< X, Y > (= the subgroup generated by X and
Y ), for any two subgroups X, Y of G.

Now, let N(G) be the subset of L(G) consisting of all normal subgroups
of G. First of all, remark that the meet and the join of (two) normal sub-
groups of G are both normal in G. On the other hand, if X, Y are two
subsets of G and H is a subgroup of G containing X, then the following
equality (called the Dedekind law) holds:

XY ∩H = X(Y ∩H).

Thus N(G) is a complete modular sublattice of L(G), called the normal
subgroup lattice of G.

For the elements of N(G) many types of complements have been studied.
These determine some special classes of groups G.

Definition 1. We say that a group G is an nD–group (nS–group, nC–
group) if every normal subgroup of G has a normal complement (a subnormal
complement, some complement).

It is clear that we have:

(∗) [nD] ⊆ [nS] ⊆ [nC],

where [X] denotes the class of X–groups. nD–groups have been characterized
by J. Wiegold.
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Theorem 2 (J. Wiegold [22]). A group G is an nD–group if and only if G
is a direct product of simple groups.

Another important result on the above classes of groups has established
by K.H. Toh. It states that the classes [nD] and [nS] are identical. In order
to prove this, we need some auxiliary results.

Lemma 3. Let G be an nS–group, A ∈ N(G) and B a complement of A in
G. Then B is an nS–group.

Proof. We have G/A∼=B, since AB=G and A∧B={e}. Let N be a normal
subgroup of G containing A and K a subnormal complement of N . Then
KA/A is a subnormal complement of N/A in the factor group G/A. Thus
G/A, and hence B, is an nS–group.

Lemma 4. Let G be a group, K a subnormal subgroup of G and M a
nonabelian minimal normal subgroup of K. Then the normal closure MG of
M in G is a minimal normal subgroup of G.

Proof. Suppose first that K ∈ N(G). Then every conjugate of M is also
a minimal normal subgroup of K and so there exists a subset X of G such
that:

MG =
∏

x∈X

Mx.

Let N be a normal subgroup of G contained in MG. If MG ⊆ N for some
g ∈ G, we have clearly N = MG. Assume now that N does not contain any
conjugate of M . Then, for each x ∈ X, the normal subgroup Mx ∧N of K
is properly contained in Mx, therefore it is trivial. Thus [N,Mx] = {e}, for
all x ∈ X, so that N ⊆ Z(MG) = {e}. Hence N = {e} and MG is a minimal
normal subgroup of G in this case.

Suppose now that K is subnormal in G with length α > 1 and assume
by induction that our lemma holds for subnormal subgroups with length < α.
Let

K = K0 ⊆ K1 ⊆ · · · ⊆ Kβ ⊆ Kβ+1 ⊆ · · · ⊆ Kα = G

be an ascending series from K to G. If α is not a limit ordinal, then we have
that the normal closure MKα−1 of M in Kα−1 is a minimal normal subgroup
of Kα−1. Since MKα−1 is not abelian, it results from the first part of our proof
that MG = (MKα−1)G is a minimal normal subgroup of G. Now, assume that
α is a limit ordinal and consider a nontrivial normal subgroup N of G such
that N ⊆ MG. From the equality G =

⋃

β<α

Kβ it follows MG =
⋃

β<α

MKβ and

so we have N = MG ∧ N =
⋃

β<α

(MKβ ∧ N). Thus there exists an ordinal
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β < α such that MKβ ∧N 6= {e}. As K is subnormal in Kβ with length β,
the normal closure MKβ is a minimal normal subgroup of Kβ. This implies
that MKβ ∧N = MKβ , therefore MKβ ⊆ N. It obtains MG = N , and hence
MG is a minimal normal subgroup of G.

Now, we can prove the next theorem.

Theorem 5 (K.H. Toh [20]). Every nS–group is an nD–group.

Proof. Let G be an nS–group. Denote by A the subgroup generated by
the nonabelian minimal normal subgroups of G and by B that generated by
the abelian subnormal subgroups of G. Then A is normal in G and since
conjugates of subnormal subgroups are subnormal, B is also normal in G.

First we shall prove that G = AB. Assume, on the contrary, that G 6=
AB. Then there exists a subnormal subgroup C of G such that G = ABC,
AB ∧ C = {e} and C 6= {e}. Let c ∈ C\{e} and N be a normal subgroup
of C maximal with respect to the property that c /∈ N . By Lemma 3, C
is an nS–group, therefore there is a subnormal subgroup D of C such that
C = ND and N ∧D = {e}. Then C/N ∼= D. Now, by the choice of N , each
nontrivial normal subgroup of C/N contains the element cN . It follows that
C/N , and thus D, has a unique minimal subgroup. Let M be the minimal
normal subgroup of D. Then M 6= {e} and M is subnormal in G. If M is
abelian, it obtains M ⊆ B. If M is not abelian, then, by Lemma 4, MG is
minimal normal in G, and thus M ⊆ MG ⊆ A. So, in both cases, we have
AB ∧ C 6= {e}, a contradiction. Hence G = AB.

Next we remark that A is a direct product of minimal normal subgroups
of G and A∧B is normal in G. It follows easily that A = A1×(A∧B), where
A1 is a direct product of some minimal normal subgroups Mi (i ∈ I) of G.
Then G = AB = A1B and, since A1 ∧B ⊆ A1 ∧ (A ∧B) = {e}, it obtains:

G = A1×B =

(∏

i∈I

Mi

)
×B.

On the other hand, each Mi is simple, because a normal subgroup of a direct
factor of G is normal in G.

Finally, the subgroup B is locally nilpotent (from its definition) and so
it is an nS–group, by Lemma 3. A locally nilpotent nC–group is a direct
product of cyclic groups of prime orders (see [3], Theorem 13, Corollary 2).
Then G is a nD–group, and hence our proof is finished.

Therefore, by Theorem 5, the first two classes of groups in (∗) does
coincide and Theorem 2 gives us a characterization of these groups. Note
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that the much wider class of nC–groups has been studied by C. Christensen
([4], [5]), S.N. Černikov ([3]), N.T. Dinerstein ([6]) and D.I. Zaicev ([23]).

In the papers [16] and [17] we have introduced and studied the class
of groups whose subgroup lattices are pseudocomplemented (in short PK-
groups). The pseudocomplementation for normal subgroup lattices leads to
the following concept.

Definition 6. A group G is called a PKN -group if its lattice of normal
subgroups is pseudocomplemented.

Clearly, the class of PKN -groups includes finite cyclic groups, the quater-
nion group Q and the dihedral group D4. Note that the dihedral group
Dn =

〈
ρ, ε | ρn = ε2 = e, ερ = ρn−1ε

〉
is not necessarily a PKN -group. For

example, take n = 6 and the normal subgroups H =
〈
ρ3

〉
= Z(D6), P =〈

ρ2, ε
〉
, P ′ =

〈
ρ2, ρε

〉
of D6. We have H ∩ P = H ∩ P ′ = {e}. If H pos-

sesses a pseudocomplement H∗, then P ⊆ H∗ and P ′ ⊆ H∗. This shows that
D6 = PP ′ ⊆ H∗, a contradiction.

A subgroup of a PKN -group, as well as a quotient of a PKN -group
are not necessarily PKN -groups (for example, the PKN -group D4 has both
a maximal subgroup and a quotient isomorphic to ZZ 2×ZZ 2, which is not a
PKN -group). Also, it is obvious that the class of PKN -groups is not closed
under extensions or direct products. Concerned to direct products of finite
PKN -groups we have the next proposition.

Proposition 7. Let G be the direct product of the groups Gi, i = 1, k.
If G is a PKN -group, then Gi is also a PKN -group, for all i = 1, k.
Conversely, if Gi, i = 1, k, are finite PKN -groups of coprime orders, then
G is a PKN -group.

Proof. Let i ∈ {1, 2, ..., k} and Hi ∈ N(Gi). Then Hi ∈ N(G) and so
Hi has a pseudocomplement H∗

i in N(G). It is clear that H∗
i ∩ Gi is a

pseudocomplement of Hi in N(Gi). Conversely, it is sufficient to prove our
statement for k = 2. Since (|G1|, |G2|) = 1, every normal subgroup H of
G can be written as H = H1×H2, where Hi ∈ N(Gi), i = 1, 2. Let H∗

i

be a pseudocomplement of Hi in N(Gi), i = 1, 2. Then H∗ = H∗
1×H∗

2 is a
pseudocomplement of H in N(G).

Remark. If in Proposition 7 the finite PKN -groups Gi, i = 1, k, have

not coprime orders, then the direct product G =
k×

i=1
Gi is not necessarily a

PKN -group. The simplest example which shows this is the group ZZ p×ZZ p,
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where p is a prime. So, an nD-group is not always a PKN -group. A sufficient
condition for a direct product G of simple groups to become a PKN -group
is that no two its minimal abelian factors are isomorphic. In this case N(G)
is a boolean lattice (see [21], Lemma 1) and hence a pseudocomplemented
lattice.

In any normal subgroup lattice N(G) we have {e}∗ = G and G∗ = {e}.
A special type of PKN -groups G is obtained when S(N(G)) consists only of
the trivial subgroups of G.

Definition 8. We say that a PKN -group G is elementary if S(N(G)) =
{{e}, G} .

A characterization of elementary PKN -groups is given by the following
result.

Proposition 9. A group G is an elementary PKN -group if and only if it is
a monolithic group.

Proof. Suppose G to be an elementary PKN -group and assume that it has
at least two minimal normal subgroups M1 and M2. Because M1 ∩M2 = {e},
it results that M2 ⊆ M∗

1 and therefore M∗
1 6= {e}, a contradiction. Con-

versely, suppose G to be a monolithic group and let M be its unique minimal
normal subgroup. Then, for every H ∈ N(G) with H 6= {e}, we have M ⊆ H.
This shows that H∗ = {e}. Hence G is an elementary PKN -group.

By using the above proposition, many classes of elementary PKN -
groups can be obtained. In this way, any group whose normal subgroup
lattice is a chain is an elementary PKN -group. In particular, simple groups,
symmetric groups, cyclic p-groups or finite groups of order pnqm (p, q dis-
tinct primes) with cyclic Sylow subgroups and trivial center (see [10], Ex-
ercise 3, page 497) are all elementary PKN -groups. Mention also that any
proper semidirect product of type G = 〈a〉M , where M is a maximal nor-
mal subgroup of G having a fully ordered lattice of normal subgroups, is an
elementary PKN -group.

Obviously, elementary PKN -groups G have the property that the lattice
S(N(G)) is a sublattice of N(G). Our next result gives a necessary and
sufficient condition for a finite PKN -group in order to satisfy the previous
property.

Proposition 10. For a finite PKN -group G, the following conditions are
equivalent:
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a) S(N(G)) is a sublattice of N(G).

b) G is direct product of elementary PKN -groups.

Proof. a) =⇒ b) We shall use induction on |G|. Let M1,M2, ..., Ms be the
minimal normal subgroups of G. If s = 1, G itself is an elementary PKN -
group. Assume that s ≥ 2. Then Mi ⊆ M∗

1 , for all i = 2, s, and M∗∗
1 has a

unique minimal normal subgroup, namely M1. It obtains that G is the direct
product of M∗∗

1 and M∗
1 , where M∗∗

1 is an elementary PKN -group. If M∗
1 is

also an elementary PKN -group (i.e. s = 2), then b) holds. Otherwise, we
prove that S(N(M∗

1 )) is a sublattice of N(M∗
1 ). We have:

S(N(M∗
1 )) = {K∗ ∩M∗

1 | K ∈ N(G)} = {K ′ ∩M∗
1 | K ′ ∈ S(N(G))}.

For any two elements K ′ ∩M∗
1 and K ′′ ∩M∗

1 of S(N(M∗
1 )), we have:

(K ′ ∩M∗
1 ) ∩ (K ′′ ∩M∗

1 ) = (K ′ ∩K ′′) ∩M∗
1 ∈ S(N(M∗

1 )),

(K ′ ∩M∗
1 )(K ′′ ∩M∗

1 ) = (K ′K ′′) ∩M∗
1 ∈ S(N(M∗

1 )).

Now, by inductive hypothesis, it follows that M∗
1 is a direct product of ele-

mentary PKN -groups and therefore G has the same property.

b) =⇒ a) It is sufficient to verify the implication for the case G =
G1×G2, where both G1 and G2 are elementary PKN -groups. Since

S(N(Gi)) = {K∗ ∩Gi | K ∈ N(G)} = {K ′ ∩Gi | K ′ ∈ S(N(G))}, i = 1, 2,

an element K ′ ∈ S(N(G)) satisfies one of the following four conditions: K ′ =
{e}, K ′ = G, G1 ⊆ K ′, G2 ⊆ K ′. Take K ′

1,K
′
2 ∈ S(N(G)). Clearly, we have

K ′
1 ∩ K ′

2 ∈ S(N(G)). If K ′
1 or K ′

2 are trivial subgroups of G, so is the
product K ′

1K
′
2. Thus K ′

1K
′
2 ∈ S(N(G)). The same conclusion follows in the

cases G1 ⊆ K ′
1 and G2 ⊆ K ′

2, or G2 ⊆ K ′
1 and G1 ⊆ K ′

2. Assume that
G1 ⊆ K ′

1 ∩K ′
2 (the situation G2 ⊆ K ′

1 ∩K ′
2 is similar). By modular law, we

have:
K ′

i = K ′
i ∩G = K ′

i ∩ (G1G2) = G1(K ′
i ∩G2), i = 1, 2.

Then K ′
1K

′
2 = G1(K ′

1 ∩ G2)(K ′
2 ∩ G2). If K ′

1 ∩ G2 = K ′
2 ∩ G2 = {e}, then

K ′
1K

′
2 = G1 ∈ S(N(G)). In all other situations it obtains K ′

1K
′
2 = G ∈

S(N(G)). Hence S(N(G)) is a sublattice of N(G).

Remark. If the elementary PKN -groups in b) of Proposition 10 are of
coprime orders, then it results that S(N(G)) is a direct product of chains of
length 1. For example, take G the direct product of the quaternion group
Q and the cyclic group ZZ 3. Then we have S(N(G)) = {{e}, Q, ZZ 3, G} and

7



S(N(G)) = S(N(Q))×S(N( ZZ 3)) ∼= K1×K2, where K1 denotes a chain of
length 1.

More information on finite PKN -groups can be obtained under the sup-
plementary assumption that they are nilpotent. This situation will be studied
in the following. First of all, we present some results about finite Dedekind
PKN -groups, that is about finite PKN -groups G in which N(G) = L(G).
Note also that in this case the concepts of PKN -group and PK-group are
equivalent.

A characterization of finite (solvable) PK-groups has been established
in [18] (see Theorem 15 of § I.1.3).

Theorem 11 (M. Tărnăuceanu [18]). Let G be a finite group of order 2nm,
where n,m ∈ IN and m ≡ 1 (mod 2).

a) For n ∈ {0, 1, 2}, G is a PK-group if and only if it is cyclic.

b) For n ≥ 3, G is a solvable PK-group if and only if it is cyclic or
isomorphic to the direct product of the generalized quaternion group
Q2n and the cyclic group ZZ m.

An immediate consequence of this theorem is indicated in the following
corollary.

Corollary 12. Let G be a finite abelian group. Then G is a PK-group if and
only if it is cyclic.

By using Theorem 11, the finite nonabelian Dedekind PKN -groups
(i.e. finite hamiltonian PKN -groups) can be easily characterized, too.

Corollary 13. Let G be a finite hamiltonian group of order 2nm, where
n,m ∈ IN and m ≡ 1 (mod 2). Then G is a PKN -group if and only if n = 3
and G ∼= Q×ZZ m.

Proof. From Proposition 7 it follows that the direct product Q×ZZ m is a
PKN -group. Conversely, G has a decomposition of type Q×A×B, where
A ∼= ZZ 2×ZZ 2× · · ·×ZZ 2︸ ︷︷ ︸

n−3 factors

and B is a group of order m. On the other hand, since

G is a solvable PK-group, by Theorem 11 it can be written as G ∼= Q2n×ZZ m.
Then it obtains n = 3, A = trivial and B ∼= ZZ m. Hence G ∼= Q×ZZ m.

Next we return to the general case of finite nilpotent PKN -groups. Let
G be a finite nilpotent group and consider its direct decomposition as product
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of finite p-groups:

(∗∗) G ∼=
k×

i=1
Gi,

where |Gi| = pαi
i , pi prime, i = 1, k. By Proposition 7 we infer that G is

a PKN -group iff all Gi, i = 1, k, are PKN -groups. So, the study of finite
nilpotent PKN -groups can be reduced to that of finite PKN -groups of prime
power orders.

A general property of finite p-groups which are PKN -groups is presented
in the following lemma.

Lemma 14. Let G be a finite p-group with |G| 6= p. If G is a PKN -group,
then Soc(G) ⊆ Φ(G).

Proof. Let H1,H2, ..., Hr be the maximal subgroups of G. For each i = 1, r,
let H∗

i be a pseudocomplement of Hi in N(G). We distinguish the following
two situations.

Case 1. H∗
i = {e}, for all i = 1, r.

Then, for any minimal normal subgroup M of G, we have Hi ∩M 6= {e} and
so M ⊆ Hi, i = 1, r. This implies that the socle Soc(G) of G is contained in

all Hi, i = 1, r. Thus Soc(G) ⊆
r⋂

i=1

Hi = Φ(G).

Case 2. H∗
i 6= {e}, for some i ∈ {1, 2, ..., r}.

Then |H∗
i | = p and G = HiH

∗
i
∼= Hi×H∗

i . Also, every minimal normal
subgroup of G different from H∗

i is included in Hi. Let M = 〈a〉 be such a
minimal normal subgroup and H∗

i = 〈b〉 . Because Z(G) ∼= Z(Hi)×Z(H∗
i ) =

Z(Hi)×H∗
i , we have a, b ∈ Z(G). Then M ′ = 〈ab〉 is also a minimal normal

subgroup of G and M ′ 6= H∗
i , therefore M ′ ⊆ Hi. We get b = ap−1ab ∈

MM ′ ⊆ Hi. This contradiction shows that Case 2 is not possible and hence
Soc(G) ⊆ Φ(G).

Remarks. 1) The converse of the above implication is not true, as it follows
from the next examples:

i) G1 = ZZ 4×ZZ 4.

We have Soc(G1) = Φ(G1) ∼= ZZ 2×ZZ 2, but G1 is not a PKN -group since it
is not cyclic.
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ii) G2 =< a, b | a4 = b4 = e, b−1ab = a3 > (or, more generally,
G2 =< a, b | ap2

= bp2
= e, b−1ab = ap+1 > with p prime).

We have Soc(G2) = Φ(G2) =
〈
a2, b2

〉 ∼= ZZ 2×ZZ 2. Take the normal subgroups
of G2:

H =< b2 >, P =< a >, P ′ =< ab2 > .

Clearly, we have H ∩ P = H ∩ P ′ = {e}. If H admits a pseudocomplement
H∗ in N(G2), then both P and P ′ are contained in H∗. It results PP ′ ⊆ H∗.
Then b2 = a3ab2 ∈ H∗ and therefore H ∩H∗ 6= {e}, a contradiction. So, G2

is not a PKN -group.

2) In the same manner as in the proof of Lemma 14, we obtain that a
finite p-group G with |G| 6= p and having a direct factor isomorphic to ZZ p is
not a PKN -group.

If G is a finite nilpotent group having a direct decomposition of type

(∗∗), then we have Soc(G) ∼=
k×

i=1
Soc(Gi) and Φ(G) ∼=

k×
i=1

Φ(Gi). In this

way, the previous lemma can be extended for finite nilpotent groups.

Theorem 15 (M. Tărnăuceanu [19]). Let G be a finite nilpotent group. If
G is a PKN -group, then G ∼= G′×G′′, where Soc(G′) ⊆ Φ(G′) and G′′ is
a cyclic group of square-free order (note that the situations G′ = trivial or
G′′ = trivial are also possible).

Under a supplementary hypothesis, the condition Soc(G) ⊆ Φ(G) be-
comes also sufficient for a finite p-group G in order to be a PKN -group.

Lemma 16. Let G be a finite p-group with |G| 6= p and having a cyclic
Φ-subgroup. Then the following conditions are equivalent:

a) G is an elementary PKN -group.

b) G is a PKN -group.

c) Soc(G) ⊆ Φ(G).

Proof. Since a) =⇒ b) is obvious and b) =⇒ c) follows from Lemma 14, we
have to prove only c) =⇒ a). As Soc(G) ⊆ Φ(G) and Φ(G) is cyclic, it results
that Soc(G) is cyclic, too. Then G has a unique minimal normal subgroup
and therefore it is an elementary PKN -group.

Remarks. 1) In particular, the above equivalence holds for finite p-groups
having a cyclic maximal subgroup (mention that all nonabelian p-groups
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with this property are described in [13], II, Chapter 4, Theorem 4.1) or for
nonabelian extraspecial p-groups. Moreover, these finite p-groups G satisfy
the condition Soc(G) ⊆ Φ(G) and hence they are elementary PKN -groups.

2) Since the socle of a finite p-group G is contained in the center of G,
the hypothesis Φ(G) = cyclic in Lemma 16 can be replaced by the hypothesis
Z(G) = cyclic.

Again, the previous lemma can be extended for finite nilpotent groups.

Theorem 17 (M. Tărnăuceanu [19]). Let G be a finite nilpotent group whose
Φ-subgroup is cyclic. Then the following two conditions are equivalent:

a) G is a PKN -group.

b) G ∼= G′×G′′, where Soc(G′) ⊆ Φ(G′) and G′′ is a cyclic group of square-
free order (note that the situations G′ = trivial or G′′ = trivial are also
possible)

By using Proposition 10, we get immediately the following corollary.

Corollary 18. Let G be a finite nilpotent group whose Φ-subgroup is cyclic.
If G is a PKN -group, then S(N(G)) is a sublattice of N(G).

Our nex goal is to present some results concerned to finite groups G for
which the lattice N(G) is a Stone lattice.

Mention that the structure of groups with distributive lattices of normal
subgroups, the so called DLN -groups, is not known, but there are some
characterizations of these groups (see [9] or [10], § 9.1). Remind here only
the following theorem, which represents a generalization of Theorem 4.1 of
[9].

Theorem 19. Let G =
k×

i=1
Gi be a finite group. Then G is a DLN -group if

and only if each direct factor Gi, i = 1, k, is a DLN -group and there is not
a central chief factor in Gi and in Gj the orders of which do coincide, for all
i 6= j.

Now, we are able to establish the next characterization of finite groups
whose normal subgroup lattices are Stone lattices.

Theorem 20 (M. Tărnăuceanu [19]). Let G be a finite group. Then N(G) is
a Stone lattice if and only if G is a direct product of monolithic DLN -groups
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Gi, i = 1, k, and there is not a central chief factor in Gi and in Gj the orders
of which do coincide, for all i 6= j.

Proof. Assume first that N(G) is a Stone lattice. Then S(N(G)) is a sub-
lattice of N(G) and so, by Proposition 10, G is a direct product of monolithic

groups: G =
k×

i=1
Gi. Since G is a DLN -group, the conclusion follows from

Theorem 5.1.
Conversely, our hypotheses assure the distributivity of N(G). On the

other hand, under the assumption that N(G) is pseudocomplemented, it
obtains that S(N(G)) forms a sublattice of N(G). So, it remains to prove
only that G is a PKN -group. Let H ∈ N(G). By distributivity, we have

H =
k×

i=1
(H ∩Gi). Suppose that H ∩Gi 6= {e} for i = 1, s and H ∩Gi = {e}

for i = s + 1, k. Then
k×

i=s+1
Gi is a pseudocomplement of H in N(G).

Remark. The structure of finite monolithic DLN -groups is not known, too.
This class of groups includes obviously the cyclic p-groups, but there exist a
lot of noncyclic groups which are monolithic DLN -groups (for example, the
noncyclic elementary PKN -groups presented in Section 2). Nevertheless, it
is easy to see that the cyclic p-groups are the only finite p-groups contained
in the above class. Moreover, because a direct product of k cyclic p-groups is
a PKN -group iff k = 1, the cyclic p-groups are also the only finite p-groups
G for which N(G) is a Stone lattice. Thus the next result holds.

Corollary 21. For a finite p-group G, the following three conditions are
equivalent:

a) N(G) is a Stone lattice.

b) G is a monolithic DLN -group.

c) G is cyclic.

In the following we shall determine all finite groups G whose normal sub-
group lattices N(G) are ortholattices. We begin by presenting two lemmas.
The first characterizes finite groups G for which N(G) is a boolean lattice.

Lemma 22. Let G be a finite group. Then N(G) is a boolean lattice if
and only if G is a direct product of simple groups such that no two minimal
abelian factors are isomorphic.

12



Proof. Assume that N(G) is a boolean lattice. Then N(G) is a comple-
mented lattice and so G is a direct product of simple groups, by Theorem 2.
If two isomorphic minimal abelian factors appeared in this decomposition,
then N(G) would contain a nondistributive sublattice, which contradicts our
assumption.

Conversely, assume that G is a direct product of simple groups such
that no two minimal abelian factors are isomorphic. Then, from Theorem 2,
N(G) is a complemented lattice. Moreover, by Proposition 3, § II.1.1, [18],
it obtains the distributivity of N(G). Hence N(G) is a boolean lattice.

The next lemma gives a lattice direct product decomposition of N(G),
when G is a direct product of simple groups.

Lemma 23. Let G be a finite group. If G is the direct product of simple
groups, then

G ∼=
m×

i=1
Hi

and

N(G) ∼=
m×

i=1
N(Hi),

where, for each i = 1, m− 1, Hi is an elementary abelian pi–group and Hm

is the direct product of nonabelian simple groups.

Proof. Let G′ be the subgroup of G generated by the simple abelian normal
subgroups and G′′ be the subgroup of G generated by the simple nonabelian
normal subgroups. Since both G′ and G′′ are characteristic in G, it results
that all normal subgroups of G′ and G′′ are normal in G. It is clear that
if A,B,C are three normal subgroups of G with A×B = A×C, then A
is abelian. Using this remark it obtains that the factors of G′′ are unique
and, also, that G′ is the unique complement of G′′ in G. Therefore we have
G = G′×G′′. Since N(G) is a complemented modular lattice, it is relatively
complemented. Thus each normal subgroup H of G is the join of the atoms
it contains. Let H ∈ N(G). Then H = (H ∧ G′)(H ∧ G′′). If K is another
normal subgroup of G, we have:

H ∨K = [(H ∧G′)(H ∧G′′)][(K ∧G′)(K ∧G′′)] =

= [(H ∧G′)(K ∧G′)][(H ∧G′′)(K ∧G′′)] =

= [(H ∨K) ∧G′][(H ∨K) ∧G′′].

Thus (H∨K)∧G′ = (H∧G′)∨(K∧G′) and (H∨K)∧G′′ = (H∧G′′)∨(K∧G′′).
Moreover, it is clear that (H∧K)∧G′ = (H∧G′)∧(K∧G′) and (H∧K)∧G′′ =
(H ∧G′′) ∧ (K ∧G′′). Hence N(G) = N(G′)×N(G′′).

13



Using Lemma 23, we obtain a direct product characterization of those
finite groups G such that N(G) is an ortholattice.

Theorem 24 (G. Whitson [21]). Let G be a finite group. Then N(G) is an

ortholattice if and only if G ∼=
n×

i=1
Gi, where, for each i = 1, n− 1, |Gi| = p2

i

(pi prime) and N(Gn) is a boolean lattice.

Proof. Assume first that G ∼=
n×

i=1
Gi, where (Gi)i=1,n satisfy the previous

properties. Then N(Gi) is an ortholattice, for all i = 1, n, and so G is a direct
product of simple groups. By Lemma 23, N(G) would be an ortholattice,
too.

Conversely, assume that N(G) is an ortholattice. Since N(G) is com-
plemented, it follows that G is a direct product of simple groups. Hence, by

Lemma 23, G ∼=
m×

i=1
Hi and N(G) ∼=

m×
i=1

N(Hi), where Hi is an elementary

abelian pi–group, i = 1,m− 1, and Hm is a direct product of nonabelian
simple groups. Because N(G) is an ortholattice, so is every N(Hi). There-
fore |Hi| ∈ {pi, p

2
i }, for all i = 1,m− 1. Let G1, G2, ..., Gn−1 denote those

Hi for which |Hi| = p2
i and Gn be the direct product of the Hi for which

|Hi| = pi and Hm. Then N(Gn) is a boolean lattice, and hence G has the
desired direct product decomposition.

In the end of this paper we mention an open problem concerned to our
subject: the study of the class of (finite) groups whose normal subgroup
lattices are relatively complemented (in particular, Heyting lattices).
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Iaşi, Math., (1) 51 (2005), 201-205.
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